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. General Solutions of tile Equations of Motion of Homogeneo_us and -
Isotropic Elastic Body in Prolate and Oblate Spheroidal Coordinates

" ' T. Usafrli '
(seismozogimz secn'pn, J.M.A. )

General solutlons of the equations of motion of homogeneous and _isotropic- elastic body
are obtained in prolate and oblate spheroidal .coordinates, The- method used is due- to
H. Takeuchi. . Two solutions for distortional ‘wave are obtained. Of the two, we  must

adopt more suitable one according to boundary or initial conditions,

§L LB E
R, DEFE%F@%@&?@%%%T@AC&bnfgfm7 EHIEMIC LT, Vg
2, HHE . %ﬁ%ﬁ%@ﬁ@ﬁﬁﬁ@lﬁﬁﬁ%@ﬁmbUé%%%%&m@fﬁ»fat bag:
RYIAD Ik 57z K, < D% Diffraction, Z OO NN I THB. T DRDS
HIRUPEF O THAA SN C L R RA TS, |

S1L ZEBRoR N , :

k& %ﬁ%ﬁ%@@@bﬁﬁm uymmpévaﬁ<a'

2 . . .
P atlgj (h-l—u)grad d1vU+p.V2U - ()

LB, LT, \
V:U=grad « divU~rot + rot U ‘ o (_2')

THb |
U RO L 5 {ET 5. ‘ S :
o B U=U,+U,+U, - . : . (3)

U=gradd, o @
“Uy,=rot4, - - k L (5)
Us;=rot « rot A. o B . . (6)

* Received Aug. 1, 1957.
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& 12 scalar, A 13 vector Td %
Lot i, scalaf, b, b BENFN

p aaf; +20)div - grad ¢, 7
p%=udiv-grad1,lr ] : , - (8)

wiliE, (4), (5), (6) 45 (1) DWTH 5T EXDB TS, LI, vector A & LT
RDObDEHES . | ' ‘

(As Ay A=, 0, DY RN
_ : =@ 3 ¥ ' S T1)}
=3 orthogonal curvilinear coordinates % (§, #, P)ETHE, ILASNTNDL HITR
DR D L2 o - ' ‘ '
1 [ox\? 9y \? 4('82)2 ) L »
M‘(%)*<ae>+ ) | |
1 [ox \' (@Y az)z_ ' . »
- % _( on ) +( on )+( an ’ . " : @y
1 (ex Y LyZ(az)z | ' S
=5 (3 )+(55)

] u \, 0 [ v B [ w - . _
A= m“’hhm4 E(mm)+an(mm)+a¢(mm)}, -
| | e .

z wcA ;tdllatatlon am, s, @y it rotation M &, 3 ¢EE§}T3>Z> ES

| Ws, Un, U=, v, w) . (14)
T | |
fﬁ,ﬁﬁ-%ﬁﬁﬁ%®ﬁﬁﬁﬁﬁm

A 2 "o (aws\_ du

oA a o (o] i)
(2 - Zumhl ( )+2um ng(WE})=p;§;, s

' ., 0A 2
O 21y =2l ot (5

Li55.
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1, KzB5.

B O b et h3 ® 3 ([ h -)*a
hhs . OE ' mJ; on* ' hh, O ag hohy ) OF
- Ty Uiy n+a¢\hm/a¢

§-2. Prolate spher01dal coordinates oi';jA

div « grad=h1h2h3{

C.Q)Q%é?@C
x=c sinhfv- sinn * cos@,
y=c sinh§ «'siny » sing,
2=c coshf « cosy, )
LIS Ty F I —
T ¢* (cosh*(—cos?y),
] o , _
e .
hs= c*sinh®E « sin’y .
DSBRAL . o
Urets o>, (7) i
2 2 2
%g: ¢) hzf—l-cotzn) o'¢ —!—cothf&—?-l— oty Zj + pe ¢ (coshzf—-cos 77) 0
EXB. 1IN L o
V= A+2p
,_ P
P oc gt

PRI R, O X VSTR, A%, BEORLS Y VERT . o
@20) BRDE S LTI 5. E-H D2 Z0EN; & 7 @ KT OBEHE L

¢=E-H D
LB (20) REHSBOR L 5D EBIT

Y AmP=0 -
E” +E’cothE+ (j°c*cosh’E—m’coth’ 6+ A) E=0
_ H” +H’cotn— (j%c*cosin+micot’n+A) H=0
R85, 128 L ' '

g

I A

. N - J Ve
;. d d o d

T B gyt g OVITTREERT.
L1zhs-T
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(16)

- an

a8)

a9’

20) -

@1

22

@3

24),
@25) -

TL(26)

@7
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D=y o
‘E=Rmz(cj,’ coshf) s o _ (29)
“H=Sm(cj, cosn) - ) o (30)
2185, R, Si prolate sphermdal funcxton(a)f AT midER A l;t separatlon const-
“ant b & .
_ | bi=mi— A—m(m+1) = —A—m )
75 BBARIC & 5. .
C mBIOLRO, L 2,5 BERED B
$o7T, Am %Tﬁﬁ&?ﬂ =4
¢= > AwSm (cf, cosv)Rmz(CJ, cosh &) mp. - G2
- - m,1=0 - . . .
 &CREBICUT (8) O
Y= Z By S (ck, . cosn)Rmz(ck cosh E) P. . (33>
: m,l=0 ’
| P _ppt |
e P _ PP
sie, ok Ve T Tdh5h.
F1, 5%, 20&&2\%@73“5&?)%%?5. .

- HiEmT & bEHCRDOME®S. 125 U, vector 4 & LTH (10) %EBEDET .

_Amz sz R ol hlgi)rslm@, ‘
= A S'ms R » BZEmp, : G
v=—Aum S Rg = 1 - 150 e, '
. . cos ’ . o o ,
A= Aml Smt R = 7% g7 ¢, o (35)
Way =g =Wy, =0. o . (36)

suffix, 1, 2, 3&; %ﬂ@ommugm%ﬂ%ﬂ U, Us, U3 KRBT A &R LD LT
b, UIedsio T, suﬁix 1 OxicEZFh TLA prolate spheroidal functlons &, sufﬁx2 30
RieazhTing prolateb spheroidal functions & Tid parameter %5 ¢j & ck IZUEZ STV %
CCewmmTs. . ’ ’
35)'7:,_
;= — By c*mhhs « cosy » siny + RWS,,,Z 2o,
=—mmeVMMSMmem“%m, : : @D

—COSs

—-COS

Wy = — By ¢*h* (cosy « sinns R mSmm+ coshE+sinh&- RS mat) (S:;)Sm@

A,=0, : ) - (38)
T4 -
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Iy U5 _-c“‘hs[coShg - SInhE + Ry Sow (Kc’cosy+ A—micothE) +siny » cosy « R'rg
Bml le - . . -
: * S'm—2h’c*cosy + siny + coshf - sinh§ » Rua S+ (2c08*y—sin’y—2h%c?.
08?7 ¢ sin®y) R o Sml](s:?rfm@ R : o (39
2% g, v

5. T o= —c2h3Eéos;7 «sin7 le S (nzzcotzvy—i-A—l—kzczcoshZE) ¥cosh§ . éihhg R o
mi ml

S’ m+2h%c cosy - smn cosh& » sinhf - Smlle— (2c0sh2§+s1nh2.§ 2h%c?

cosh2§ sinh%£) §" vy R ]S?rslmgp, _ ‘ V (40)
2Ty Wy =c ;nh2h3rcosn siny « R S’ mz—COShE . sth F mlsml

Bml . sz .
‘ — (smh2§+51n %) Rm; S'm;] cosmg)’ i - (41) -

2Way=— Crahhyc? mk cosy ¢+ sin% » Rm, S sclcr)lsmw :

2&1,33=— szhhgc mkzcoshf sinh&: Ry Sy ° cosm(p o s ' @
26:1«/3:— leh2 K ('30577 Slm?R'mz sz—!-coshf smhf Ry S’W) cos_, ’
: - =0 S (43)
C>ie, Am, Bu, Cos 03391%%#4?31“?#%&#@ Emw i s pﬁw;zgm;)
{;ﬁ(%t » o - =0, E—>oo, ccosh’g‘ csinhE=7r N . (44)
OHA, >% D, prolate spheroidal coordinates s spherical coordinates (Cf;c,)t DRy

B, LD XIZERIT
' . SW&l:Pm”-:-l(COSﬂ) >

1 . . (45)
— le:ﬁzh—m+1/2’ (]7')
5HL <‘:7b>b7b>é zZ GiHﬁJMﬁTﬁ) 5.
3:72, . . o R
i_.ﬁz, °o __ 0o
oF 2t or or [ .
o - (46)
h - 1 /, h3:¥1ﬁ_— . - . .
v 7 sin 9

BB & LI GO~ (43) R n=l-+m & 50 EHFRODR - 5 C B

oS, P U, Z & LT Hankel &%t Hm@& 2.
L RIE (9), RE A LIS DR KD gch;z) RN LGY, (35, GORMELALTHS. -
#s=— B’y cmhhycosh - Sln77 S Rm, njrp’ I T

= — B’ cmhhgsinh§ - cosn Swi Rony Sclc?smrp ' N 7))
u,z_'__ B’ ch®(coshf « siny » Sy R'm+sinhE « cosy « Ry S wlgfﬁmca

— 5
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A,=0, . , - 48
2 hs

2&:,,2 s _ cha[

) B ' . cosn Rt Smu—R’ mcoshE(S’msmn—}—Sw cosn—l—szsmv]
“ml

(cotn—2h3c? cosn » sinn)‘);— RmzsinhE_(S”mzcosv]—-S’mzsim;+S’m¢cosn (cotyn
sin

—2h%c%cosy « sinn) )] Sme, ’ ‘ : NCC))

&=#= cha[— 2 hg coshf ¢ sinn * RuSm+ szsinn(R”mzcosh'g’—l—R’mzsinhE
B ml C nl h - .

+R’mlcoéh§ (cothE—2h*c*cosh- sinlh.f) ) +.S cosn(R’mlsinhE ~+ Rmcoshf

+ RusinhE (cothg— 2h*c* cosh§ . sinhg) )]§?§m¢ : (50)

28y _ W _ cmhih cosh’g’ siny ¢ R S’ —smh’g‘ cosn * R S ] m (51)

. B’mz C'oa 3 Y ol D ml 77 ml Oml |_ oo 90 . ‘
A=0, - « 2y

mea——' Cm Cﬂ’lhh kzcoshf «.5in7 Ry Smi Slnsqu’
me, 63
20 yy=— C’ml Ch2k2ECOShE Slnr; . R ol Svnl—f‘Sll’lhE COS?]le S’ml]

26533— — C'm cmhh sk*sinhf « c0577 o Ro Sou. Cios

SlI'l P- A
U, Usk LT @EN~43), »BHWE (47)~(53) (DAT,O’S?{%‘?L Vector A'D & bi» 2T, .
DIFDIT b WL 20> DD Bﬂ BIRTTH D, @*{%mu i, 2 %bnbﬁwcrpd%f&; BHIILD
BTN D B Ubs L, DD, WBLAEED S B b MBI 5 O X Vi
WA VD TH T, HBOEMICIE 10) wxiEd f&ibﬁ)n L3155, -
735, (34)~(43), (47)~(53) Kps (15) S Tkl &, IBH{E]\T@"MJ'@EJ T B .Ltk T ris
7. - . .
$§ 3. Obléte sph’exbidal. coordinates. 0)*%‘% ,
RLITE L
' x=c COS\hE . sinn * cosQ,
y=ccoshf + siny +sing, . { 6
2=c sinh&:_- cos,
— W= R=1/c* (coshE—sin®n), »
Mi=1/c*cosh’f - sin®. } ©>
prolate DA & oblate DHE DERTNT (17 K& G ROEUVD SENTL 5. Ui
b, D A
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prolate
c
coéh§
sinhf

F%Kﬁﬁ6®%ﬁ5tEQWKde®%%®%%

oblate
—ic’
7 si’nh‘g”
“Zcosh&

. = Z Awz S (—ic], cosn)R,,.; (—icj, ¢ smh’g’) €98 i,

m,l=0

W,b Z B sz(-—zck cosn)Rmz (—zck 7 smhfg‘ COS

m,l=0

sm

t 7$%h. T ST Sm, le i oblate sphermdal function®™ T&h 3. Cﬂ/ﬁo{f 5 &

Amlh Sml R ml mg’,
=Amzh2 ' le - qu), .

S sm
= Amzhssmz R » cos
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(56)

L ERDBIDTe, E LB L (6) ReBE. LT, R/

(575

- ©8)

me,

A ——Amz . ] sz Rmzcosmgp,

sSin

wm—w&~ww_0

10) Kb 58513 Uy, Uy i

28,

B

#y=Bmc*mhhscosy + siny - Rm; Swi_, sin 0,

Wy= Bmzczhzﬂcosn - siny .

“Us

28y

By

V= — Bm* mhhzsmhf . cosh’g’ R sz Séos

R,ml SMZ_COShE - Slnhg ° R’”bl Sl?’aljg?sm@,

le

U3

le

W3

le

0s

- A=0,

sin

+siny < cosn « R'oa S s — 2h*c*cosy

sSin

>,

*—czhscos me [—cosh‘g’ sinh& » R sz( kc*cos’n+A—m tanh2§)

» sin7 * coshf -_smhf * Rt S'ot

+ R w St (2cosz77—sin27;+2hzczcosz77 . siinzn)], .

zhacos me Lcosn ‘siny » R Sml (m cot 77+k2(;251nh2’g'—|—A) +cosh’§

sinhf » R'm S+ 2h%c*cosn « siny

+ coshf « sinhf « S,y R m—S m R

(—2sinh?E— cosh*+ 2h*c* cosh® + sinh?g) ] _

sin .
by

— 2 2
=-—c*mh —cos

—Rwm sz (sin?® 77 cosh”g')\|

m(p[cosn . smanz S’ mz+cosh§ s sinh R ml sz

(59)
60

(61)

6

> (63)
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20 5= CoruC*mhhy + k2c0577 SinyRom; Sme Cosmgo, - _ ]
283 55= — Couc*imhihs » kzcoshf sinh€ + Ry S Sggs ®, : (64)
Zwvs=szczh2k2(S:i0§mtp[cosn + $iny + R'ma Smu—coshg « sinhE « R « S'my), [ ’
4 Ay=0. - (65)
Uﬁfﬁc': ARk oblate spheroidal coordmates Hs sphencal coordinates 1 W o 1285A 7594%%. %
&, (49, (45), (46) Kpszm > %5';.% I D 3 _Lo'C Wi, (58)~(65) 1 FIFRROA®
=BT BCENTCONE, | |
s (%z‘»%?—%%ﬂé U., Us i
0= —B m cmhhasmhf sm77 Swa Rou Scl(r)l mep, ,
Vy=—DBm cmhhacoshf cosy * Sm Rm; m(ﬁ, o o . A 7 (66)
‘We=—B mch*(sinhf + siny + S R mz+cosh§ - c0s7 * Rm S'm]§?§m¢, '
A=0, o 67

Wy ' )
’B’,Zzizcz"ﬁ:,,z h"‘glos m¢[ m? Z: R Sm‘l + cosh « cosn—R'm smhf( mSINY
' _ +Smcosy+Smsing (cotn+2h*cicosn » siﬁn) >+Rmzcoshg '

(S”mgcosn—S’mzsinn + S’ cosy (coty + ?,lzzczcosoy + sin7) )], ,

26:’32 A U3 _ Ccos 17 ‘
Bl O Chasm m<p[ ,2 12 R,,,,; Sm,r *'sinh& + siny + Smrsmn(R msinhE _ (68?
» +R mzcosh!j—kR’m;sth(tanhE _optet coshy - smh{-’)}—}—S mCosy,
( mzcosh§+Rmsth+Rmzcoshf (tanh’g‘ 2h*c*coshE - smh’g‘))]
Zmyz wWs

B —C ~cmh2h3 sin. osMP Lsmhf siny RW S’ »,Lz—coshf cosn R S’nal]
ml ml

A,=0, o e
was— _C mlcmhh3 kzsmhé': sm7; le Sonr Scl(l;lsm¢, . i - v 1
2Wgy=—C mucmhhy » k*coshf « cosy + R sz n’Z(p, ’ o) .
28 vy = —C’ mch’k*(sinhE « siny - R m Smr+c0>he‘: oSy * R S/chosmq) |

Sin

ERATE- A6 é 7‘;(,\755‘, 58, (59), _(60) W) Rm, Sopu @.parametetf i —dcj, (BL)~70) KD =
7 Ru, Sw (D parameter |3 —ick ’C&) 5. : . ‘ - -
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